We study some properties of the non-abelian tensor product of Hom-Lie algebras concerning the preservation of products and quotients, solvability and nilpotency, and describe compatibility with the universal central extensions of perfect Hom-Lie algebras.
Introduction
Hom-Lie algebras were introduced in [8] as a generalization of Lie algebras, where the usual Jacobi identity is twisted by a linear self-map, that leads us to the socalled Hom-Jacobi identity. One of the main reasons of the introduction of HomLie algebras was the construction of deformations of the Witt algebra, which is the Lie algebra of derivations on the Laurent polynomial algebra C[t, t −1 ]. When the self-map is the identity map, then the Hom-Jacobi identity reduces to the usual Jacobi identity, and the definition of a Lie algebra is recovered. Thus, it is natural to seek for possible generalizations of known theories from Lie to Hom-Lie algebras. In this context, during the last years many papers appeared dealing with the investigations of Hom-Lie structures. Often in these investigations many non-obvious algebraic identities need to be verified and they are sufficiently nontrivial and interesting (see e. g. [1, 2, 3, 4, 10, 11, 13, 14] and related references given there).
As an example of these generalizations, the non-abelian tensor product of Hom-Lie algebra was recently developed in [2] with various applications in homology and central extensions of Hom-Lie algebras. This non-abelian tensor product is the Hom-version of the non-abelian tensor product of Lie algebras developed by Ellis [6] and used in [7, 9] for the construction of the non-abelian homology of Lie algebras. These non-abelian homology has been recently extended to Hom-Lie algebras in [3] , where the non-abelian homology of Hom-Lie algebras is constructed and its applications in the cyclic homology of Hom-associative algebras are given.
In this paper we continue investigation done in [2] and obtain further properties of the non-abelian tensor product of Hom-Lie algebras. In particular, the paper is organized as follows. In Section 2, some basic definitions on Hom-Lie algebras and necessary results for the development of the paper are recalled. In Section 3, some standard results on nilpotency and solvability of Lie algebras are extended to the case of Hom-Lie algebras. In Section 4, properties of the non-abelian tensor product of Hom-Lie algebras given in [2] are enriched by new facts (see Proposition 4.8) . We also describe the conditions under which products and quotients are preserved by the non-abelian tensor product (Proposition 4.11 and Proposition 4.14). In Section 5, it is shown that, under some conditions, the non-abelian tensor product of Hom-Lie algebras inherits the properties of nilpotency, solvability and Engel (Theorem 5.2). In Section 6, conditions for preservation of perfectness are established (Proposition 6.1) and compatibility of the non-abelian tensor product with the universal central extensions of two perfect Hom-Lie algebras is described (Theorem 6.6 and Corollary 6.7).
Throughout this paper we fix a ground field K. All vector spaces are considered over K and linear maps are K-linear maps. We write ⊗ (resp. ∧) for the tensor product ⊗ K (resp. the exterior product ∧ K ).
Preliminaries on Hom-Lie algebras
We start by reviewing some notions and terminology. Definition 2.1 A Hom-Lie algebra (L, α L ) is a vector space endowed with a bilinear bracket operation (product)
for all x, y, z ∈ L.
In this paper we only deal with (the so called
Appropriately, α L will be called an endomorphism.
is an abelian Hom-Lie algebra and a Hom-ideal of (L, α L ). 
which is closed under the bracket, together with α H : H → H being the restriction of α L to H. In such a case we write
where L/H is the quotient vector space and α L : L/H → L/H is induced by α L , naturally inherits a structure of Hom-Lie algebra and it is called quotient Hom-Lie algebra.
Let (H, α L| ) and (K, α L| ) be Hom-ideals of (L, α L ). The commutator of (H, α L| ) and
for all x, y ∈ L and m, m ′ ∈ M.
The Hom-action is said to be trivial if x m = 0 for all x ∈ L and m ∈ M.
2) Let (M, α M ) and (N, α N ) be Hom-Lie algebras with mutual Hom-actions on each other. The Hom-actions are said to be compatible if
for all m, m ′ ∈ M and n, n ′ ∈ N.
given by the structural bracket in K.
2) Let (M, α M ) and (N, α N ) be two Hom-ideals of a Hom-Lie algebra (L, α L ).
Then there are compatible Hom-actions of (M, α M ) and (N, α N ) on each other given by the structural bracket in L.
, with the underlying vector space M ⊕ L and the bracket operation
3 On solvability and nilpotency of Hom-Lie algebras
k is called the length of the series.
A series from (0, α Q| ) to (Q, α Q ) is called a series of the Hom-Lie algebra (Q, α Q ).
Definition 3.1
i) A Hom-Lie algebra (Q, α Q ) is said to be solvable if it has an abelian series.
Let k be the minimal length of such series, then k is said to be the class of solvability of (Q, α Q ).
ii) A Hom-Lie algebra (Q, α Q ) is said to be nilpotent if it has a central series.
Let k be the minimal length of such series, then k is said to be the class of nilpotency of (Q, α Q ).
Given a Hom-Lie algebra (Q, α Q ), consider the sequence of Hom-Lie subalgebras (Q (i) , α Q| ), i ≥ 0, defined inductively by
and in the particular case of a Lie algebra Q (= (Q, id Q )), this sequence is exactly the derived series of Lie algebra Q. In general, (Q (i) , α Q| ) terms are Hom-Lie subalgebras and not Hom-ideals of (Q, α Q ). This fact is illustrated by the following example.
Example 3.2 Consider the four-dimensional Hom-Lie algebra (Q, α Q ) with basis
= a 2 and the map α Q = 0. It is easy to see that Q (2) = {a 1 } , which is not a Hom-ideal of (Q, α Q ).
By this reason we can not speak on derived series of a Hom-Lie algebra in the general set-up. Below we indicate wide class of Hom-Lie algebras (Q, α Q ) for which (Q (i) , α Q| ) terms are Hom-ideals for all i ≥ 0.
Remark 3.3
In order to guarantee that the terms (Q (i) , α Q| ), i ≥ 1, are Homideals, the Hom-Lie algebra (Q, α Q ) should satisfy additional condition. For instance, this is the case if the endomorphism α Q is surjective.
Another broad class of Hom-Lie algebras with the same property, are Hom-Lie algebras satisfying the so-called α-identity condition given in [2] , that is, Hom-
Examples of this kind of Hom-Lie algebras can be found in [2] .
Moreover, actually a weaker condition is sufficient. Namely, it is only needed the condition
for all x, y, z ∈ Q. Later we call this condition weak α-identity condition.
The weak α-identity condition leads us to a broader class of examples. For instance, let (Q, α Q ) be the two-dimensional Hom-Lie algebra with basis {a 1 , a 2 }, bracket operation given by [a 1 , a 2 ] = −[a 2 , a 1 ] = a 1 and endomorphism α Q represented by the matrix 0 1 0 1 (see [1] ). Then (Q, α Q ) satisfies weak α-identity condition, it does not satisfy α-identity condition and at the same time α Q is not surjective.
is solvable with class of solvability k if and only if Q (k) = 0 and
Proof. a) This easily follows by induction on i.
= Q is an abelian series of (Q, α Q ) and its length is minimal by a). Therefore (Q, α Q ) is solvable of class k. The converse is a direct consequence of a).
The lower central series of a Hom-Lie algebra (Q, α Q ) is the sequence of Hom-ideals (
It is readily checked that each (Q [i] , α Q| ) is indeed a Hom-ideal of (Q, α Q ) and
Theorem 3.5 a) Let (Q, α Q ) be a Hom-Lie algebra and
is nilpotent Hom-Lie algebra with class of nilpotency k if and only if
Proof. This is similar to the proof of Theorem 3.4. 
Non-abelian tensor product of Hom-Lie algebras
In this section we recall from [2] the non-abelian tensor product of Hom-Lie algebras and establish new properties needed in the sequel. 
and the linear map α M ⋆N is naturally induced by α M and α N . The equivalence class of m ⊗ n will be denoted by m ⋆ n.
Below we give some fundamental properties of the non-abelian tensor product of Hom-Lie algebras. First we present its kind of universality property needed in the sequel. 
Proof. It follows directly from Definition 3.8 and Proposition 3.9 in [2] . 
c) Both Ker(ψ M ) and Ker(ψ N ) are contained in the center of (M ⋆ N, α M ⋆N ).
d) The induced Hom-actions of Im(ψ M ) on Ker(ψ M ) and of Im(ψ N ) on Ker(ψ N ) are trivial.
e) ψ M and ψ N satisfy the following properties for all m, m ′ ∈ M, n, n ′ ∈ N:
Proof. By statements a) and b) in Proposition 4.4, it suffices to prove formulas on generators. By using again Proposition 4.4 we have
The non-abelian tensor product of Hom-Lie algebras is symmetric by means of the following isomorphism
Furthermore, it is functorial in the sense of the following proposition. 
Then there is a unique homomorphism of Hom-Lie algebras
Furthermore, if f , g are onto then so is f ⋆ g.
A sort of right exactness property of the non-abelian tensor product of Lie algebras is presented in the following proposition.
→ 0 be a short exact sequence of Hom-Lie algebras. Let (N, α N ) be a Hom-Lie algebra together with compatible Hom-actions of (N, α N ) and (M i , α M i ) (i = 1, 2, 3) on each other and f , g preserve these Hom-actions. Then there is an exact sequence of Hom-Lie algebras
Now we give a more general result needed in the sequel.
be two short exact sequences of Hom-Lie algebras. Suppose that α L and α K are surjective endomorphisms, (L, α L ) and (K, α K ), as well as (P, α P ) and (Q, α Q ) act compatibly on each other, and all σ 1 , σ 2 , α L and α K preserve the corresponding Hom-actions. Then there is an exact sequence of Hom-Lie algebras
, and also to a Hom-action of (M, α M ) on (K, α K ). Analogously, the Hom-action of (K, α K ) on (L, α L ) restricts to a Hom-action of (K, α K ) on (M, α M ), and also to a Hom-action of (N, α N ) on (L, α L ). Since actions are compatible, then the non-abelian tensor products (M ⋆K, α M ⋆K ) and (L⋆N, α L⋆N ) can be considered. Furthermore, there is a Hom-action of (L ⋆ N, α L⋆N ) on (M ⋆ K, α M ⋆K ) given on generators by
Thanks to Proposition 4.6, there is a homomorphism of Hom-Lie algebras
be the homomorphisms provided again by Proposition 4.6. Define the homomorphism of Hom-Lie algebras
Now it remains to show that Im(η) = Ker(σ 1 ⋆ σ 2 ). Obviously (σ 1 ⋆ σ 2 ) • η = 0 and hence we have Im(η) ⊆ Ker(σ 1 ⋆ σ 2 ). We claim that Im(η) is a Hom-ideal of (L ⋆ K, α L⋆K ). Indeed, since α L and α K are surjective homomorphisms, for any l 1 ∈ L and k 1 ∈ K, there exist l
Then, just by using defining relations of the non-abelian tensor product, we get
Thus, we get a natural surjective homomorphism
On the other hand, the map h :
is a well-defined Hom-Lie pairing. Thus, by Lemma 4.3, h induces a homomorphism
, which is the two sided inverse to θ. Thus, θ is an isomorphism. This completes the proof. 2)
3) The canonical maps
are trivial, and the induced Hom-actions of B A on C and of C A on B are also trivial.
Then there is an isomorphism of Hom-Lie algebras
Proof. First let us remark that (B, α B ) × (C, α C ) denotes the Hom-Lie algebra (B × C, α B×C ), with the endomorphism α B×C : B ×C → B ×C naturally induced by α B and α C . There are mutual compatible Hom-actions of (B × C, α B×C ) and (A, α A ) on each other given for all a ∈ A, b ∈ B, c ∈ C by (b,c) a = b a + c a and
Now we define the map
by φ(a, (b, c)) = (a ⋆ b, a ⋆ c). Keeping in mind the conditions 2) and 3), it is straightforward to verify that φ is a Hom-Lie pairing, so Lemma 4.3 provides a unique homomorphism Let (G, α G ) and (H, α H ) be Hom-Lie algebras with compatible Hom-actions on each other, and let (K, α K ) be a Hom-ideal of both (G, α G ) and (H, α H ). For example, this is the case if (G, α G ), (H, α H ) and (K, α K ) all are Hom-ideals of a Hom-Lie algebra and K ⊆ G ∩ H. Let us consider the homomorphisms H, α G⋆H ) ) and introduce the following notations K 1 = Im(ι 1 ) and K 2 = Im(ι 2 ). Then both (K 1 , α G⋆H| ) and (K 2 , α G⋆H| ) are Hom-ideals of (G ⋆ H, α G⋆H ).
Proposition 4.14 There is an isomorphism of Hom-Lie algebras
, where α denotes the endomorphism induced by α on the quotient.
Proof. It is readily checked that φ is a well-defined surjective homomorphism.
This means that Ker(φ) = 0 and the proof is completed.
On nilpotency of the non-abelian tensor product
In this section, we prove that the non-abelian tensor product of Hom-Lie algebras (M ⋆ N, α M ⋆N ) inherits the property of nilpotency, solvability and Engel from the respective property of the Hom-Lie algebra ( N , αN | ) ). The investigations below are extensions of results for Lie algebras given in [12] to the case of Hom-Lie algebras. 
3). If
Here scl(−) denotes the class of solvability.
Proof. a) If
N M , α M | is nilpotent of class k, then by Theorem 4.4 a) we have the following isomorphisms
By Theorem 4.4 c) the Hom-ideals Ker(ψ M ) and Ker(ψ N ) are in the center of (M ⋆ N, α M ⋆N ). Now
is nilpotent Hom-Lie algebra with class of nilpotency at most k + 1.
On the other hand, if (M ⋆ N, α M ⋆N )
[l+1] = 0, by using the first isomorphism in (1), we get
Ker(ψ M ) = 0.
By the same reason, b) This is similar to the proof of a) and will be omitted.
Indeed,
On the other hand, 
Proof. This is a particular case of Theorem 5.2.
The following examples show that both outcomes obtained in the above results for the nilpotency and solvability class of the tensor product can be occurred. 
c) Let (M, α M ) be the three-dimensional Hom-Lie algebra with basis {a 1 , a 2 , a 3 }, endomorphism α M = 0 and bracket operation given by
Consider Hom-ideals (G, 0) and (H, 0) of (M, 0) spanned by {a 1 , a 2 } and {a 2 , a 3 }, respectively. Of course, (G, 0) and (H, 0) act compatibly on each other by the Hom-action given by the structural bracket. A direct checking shows that H G = {a 2 } is nilpotent of class 1; (G ⋆ H) [1] = {a 2 ⋆ a 2 } is nilpotent of class 2 and G H = {a 2 } is nilpotent of class 1, illustrating the bounds provided by Theorem 5.2.
Note that, since (M, 0) satisfies the weak α-identity condition, the same conclusions about solvability are true. d) Let (M, α M ) be the four-dimensional Hom-Lie algebra with basis {a 1 , a 2 , a 3 , a 4 }, endomorphism α M = 0 and bracket operation given by Definition 5.6 Let (Q, α Q ) and (M, α M ) be Hom-Lie algebras and there is a Hom-action of (Q, α Q ) on (M, α M ). We say that (Q, α Q ) acts nilpotently on
Example 5.7 Let (M, α M ) and (N, α N ) be Hom-ideals of a Hom-Lie algebra
Theorem 5.8 For any Hom-Lie algebra (Q, α Q ), the map
is a surjective Hom-Lie algebra homomorphism.
Proof. First of all we observe that Hom-actions of
, α Q| on each other are induced by the bracket in Q and clearly both are trivial and therefore compatible. On the other hand, the bilinear map
is a well-defined Hom-Lie pairing, then by Lemma 4.3 h induces the homomorphism ϕ, which clearly is a surjection.
Corollary 5.9 If (Q, α Q ) is a nilpotent Hom-Lie algebra such that
Proof. This is a simple modification of the proof of 
, α M and hence (Q, α Q ) acts nilpotently on (F i+1 , α M | ) as well.
Since
Then by combining (4) with the lower central series of (M, α M ), we get the following central series
which means that (Q, α Q ) is nilpotent. The following example shows that the requirement of surjectivity for the endomorphism α Q in Theorem 5.11 is really needed in order to establish the result. 
The case of perfect Hom-Lie algebras
In this section we establish conditions under which the non-abelian tensor product of Hom-Lie algebras preserves perfect objects. Moreover, we describe compatibility of the non-abelian tensor product with the universal central extensions of two perfect Hom-Lie algebras.
First of all let us recall that a Hom-Lie algebra
Note that the non-abelian tensor product of prefect Hom-Lie algebras is not perfect, in general. In the following example we give of Hom-Lie algebras satisfying the requirements of Proposition 6.1. The Hom-action of (M, α M ) on (N, α N ) given by e 1 a 2 = − e 2 a 1 = a 3 , e 1 a 3 = − e 3 a 1 = a 2 , e 1 a 4 = − e 4 a 1 = a 4 , e 2 e 3 = − e 3 a 2 = a 1 .
and the Hom-action of (N, α N ) on (M, α M ) given by a 1 e 2 = − a 2 e 1 = e 3 , a 1 e 3 = − a 3 e 1 = e 2 , a 2 e 3 = − 
It is easy to show that ω is a surjective homomorphism. Proof. The surjective homomorphism ω in Theorem 6.6 is also injective under this additional condition.
